We propose a generalized model of the heat engine and calculate the minimum and maximum bounds on the efficiency at maximum power. Surprisingly, our model unifies the bounds on the efficiency and the universality features observed for various heat engine models by maximizing different target functions such as the figure of merit or efficient power and the Ω or ecological criterion. In fact, we obtain the universal nature of generalized extreme bounds on the efficiency at maximum power. Even though, our model is a direct generalization of low-dissipation heat engines, interestingly, the bounds on the efficiency obtained in our model completely capture those observed in the actual power plants.
Introduction
In the study of non-equilibrium thermodynamics, the universal features of the heat engine efficiency at maximum target function has been attracted much attention in the past few years [1, 2, 3] . The heat engine is a thermodynamic system operating between hot and cold heat reservoirs of infinite size. The engine performing useful work W by observing Q h amount of heat from the hot reservoir at a higher temperature T h and delivered Q c amount of heat to the cold reservoir at a lower temperature T c . The efficiency of the heat engine operating between two reservoirs is defined as η = W/Q h , which is bounded below the Carnot efficiency, η C = 1 − T c /T h .
In equilibrium thermodynamics, the Carnot efficiency is the maximum efficiency reached by the heat engine when it is operating in the quasi-static process of infinitely long time duration in which the power delivered by the engine is zero. In actual power plants, the heat engines are operating in the regime of near from equilibrium or completely in the non-equilibrium regime. Thus the efficiency observed by the practical heat engines should be less than η C since the engines operating in the finite time duration of non-zero power output. Most of the finite time thermodynamics studies make use of different target functions [1, 2, 3] to increase the heat engine efficiency in the linear and non-linear regime by maximizing the target functions [4] . The most frequently used target functions are the efficiency at maximum power η P [1, 5] , the efficiency at maximum figure of merit or efficient power η χ [6, 7, 8] and the efficiency at maximum Ω or ecological criterion η Ω [3, 9, 10] .
The salient feature of heat engine efficiency at maximum target function is that one can obtain the universal nature of efficiency up to quadratic order in η C , irrespective of the different heat engine models such as stochastic heat engine [11] , low-dissipation heat engine [5] , minimally nonlinear heat engine [12] , etc. That is the efficiency at maximum target function displays the universality up to quadratic order in the deviation from equilibrium. For different target functions, one can get the different upper and lower bounds on the efficiency at maximum target function and the different universality class of the efficiency up to quadratic order in η C .
For the efficiency at maximum power, the upper and lower bound on the efficiency is given by ηC 2 ≤ η P ≤ ηC 2−ηC and the universality feature of the efficiency up to quadratic order in η C is [5] 
The efficiency at maximum power of an optimized thermal engine in the endoreversible limit given by 13, 14] is usually called as the Curzon-Ahlborn efficiency. When the temperature difference between the two reservoirs is small, the Taylor expansion of η CA gives Eq.(1) [15, 16] which is bounded below the Carnot efficiency of the reversible heat engines. However, this model does not represent the universal bound on the efficiency at maximum power [4, 17] .
In the case of efficient power, the upper and lower bound on the efficiency is given by 2 3 
and the universality feature of the efficiency up to quadratic order in η C is [8] 
In the case of maximum Ω criterion, the upper and lower bound on the efficiency is given by 3 4 η C ≤ η Ω ≤ 3−2ηC 4−3ηC η C and the universality feature of the efficiency up to quadratic order in η C is [3] η Ω = 3 4 η C + 1 32
Further, in the study of a minimal model of information (I) based heat engine [18] , another universality class for efficiency at maximum power up to quadratic order in η C has also been observed as
Recent studies on heat engine showed that the break down of such universality in the case of the efficiency at maximum power [19, 20] . In particular, a recent study on quantum dot engine reveals that the universal and non-universal form of the efficiency at maximum target function depends on the imposed constraint on the control parameter of the heat engine [19] . Few other heat engine studies showed that the importance of constraint relation between efficiency and power and also the optimal finite time protocol to achieve the efficiency at maximum power [21, 22] .
Although the heat engine efficiency at maximum target function has been studied extensively for different target functions, there is no heat engine model and its extreme bounds on the efficiency at maximum target function uniquely justify and completely capture the observed efficiency of the actual power plants [5, 7, 10, 23] . This urges us to propose a generalized model of heat engine whose efficiency at maximum power completely capture the observed efficiency of industrial power plants. Another interesting aspect of our proposed model is that it can also unify the different universality features of efficiency at a single target function. Also, the minimum and maximum bounds on the efficiency at maximum power covers all the extreme bounds on the efficiency of different target functions studied so far.
The simplest model proposed earlier which is believed to capture the features of various physical systems is that the low-dissipation Carnot engine [5] .
There are the exhaustive studies on low-dissipation Carnot engine model and its efficiency at maximization of different target functions [5, 8, 10] . However, this model does not capture completely the observed efficiency of various power plants. For example, Table. 2 shows the measured efficiency of actual thermal plants which cannot captured by the low-dissipation Carnot engine model [5, 7, 10, 23] even by using different target functions. This indicates that some of the industrial power plants may not operate in the low dissipation region. Since the low-dissipation assumption allows performing the analyzes in quite general, our proposed model is a direct generalization of such a model and we find it can be valid for the heat engines operating in any dissipation level. In what follows, we will briefly summarize the low-dissipation model and then explain in details of our model.
Low-dissipation model
The low-dissipation model of the heat engine undergoes Carnot cycle consisting of two isothermal processes of finite time duration and two instantaneous adiabatic processes. During the isothermal expansion (compression) the working substance is in contact with hot (cold) reservoir at temperature T h (T c ) in the time duration t h (t c ). The amount of heat Q h (Q c ) exchanged between the hot (cold) reservoir and the working substance are modeled as [5] 
where Σ h , Σ c are the dissipation coefficients contain the nature of irreversibility present in the model and ±∆S is the change in entropy of the working substance in the isothermal expansion (+) and compression (-) such that the total change in entropy of the working substance is zero [8] . In this model, the system relaxation is assumed to be fast as compared to t h and t c . This assumption has been incorporated in the irreversible entropy production part of the system during which the working substance is in contact with hot and cold reservoirs. The work performed by the engine during the time period
Here, we used the convention that heat and work are positive when it absorbed by the system [5] . The power (P ) generated during the Carnot cycle is given by
Using Eq. (5), Q c can be rewritten as
The engine efficiency during the Carnot cycle is given by
We get the relation between the efficiency and the entropy production per engine cycle as similar to ref. [24] . Here,
Using Eq. (5), Eq. (9) can be rewritten as
The value of t h and t c , in which the power is maximum is given by [5] 
and its ratio obeys the relation tc t h = TcΣc T h Σ h . By using Eqs. (11, 12) and the time ratio, the efficiency at maximum power is obtained by
The above equation showed that η P , in general, does not exhibit any universal form of efficiency at maximum power [19] . However, in the asymmetric dissipation limits Σ c /Σ h → ∞ and Σ c /Σ h → 0, η P converges respectively to the lower bound η C /2 and the upper bound η C /(2 − η C ). In the symmetric dissipation Σ c = Σ h , the above equation can be expanded in terms of η C as
In the symmetric dissipation, we observe that the coefficient of second order term becomes 1/8 only in the linear response regime under the assumption that the temperature difference between T c and T h is small. This indicates that the non-universal form of the efficiency at a maximum power of low-dissipation heat engines in the non-linear response regime even for symmetric dissipation. The inverse proportionality relation between the irreversible entropy production and time for a low-dissipation model may be a reasonable assumption for many systems operating in finite time. However, there is no control parameter present in that model for controlling the efficiency at the maximum power of the system which has been performed in some experiments [25] . Recent study also showed that the efficiency at a maximum power of heat engine can be optimized by tuning the system's energy levels [21] . This can be done in low-dissipation heat engine model by incorporating the control scheme on the coefficients Σ h,c in the isothermal process [21, 22] . Therefore it is worthful to investigate the different dissipation behavior of the heat engines in a generalized case which cannot capture by the low-dissipation model. This motivates us to propose a generalized heat engine model and obtain the universal bounds for the system beyond low dissipation region. In what follows, we generalize the low-dissipation model of the heat engine and calculate the minimum and maximum bounds on the efficiency at maximum power.
Generalized model
The amount of heat Q h (Q c ) exchanged between the hot (cold) reservoir and the working substance are modeled as
where σ h = λ h Σ h , σ c = λ c Σ c , δ ≥ 0 is a real number which represents the level of dissipation, and λ h/c & α h/c are the dimensionality preserved tuning parameters such that the quantity inside the parenthesis (having nonlinear power 1/δ) is dimensionless. Note that the parameter δ departs this model from a first approximation in the entropy generation of irreversible heat devices. Under the assumption that σ h/c << t h/c , the value of δ from 0 to ∞ indicates that δ → 0 for no dissipation, δ = 1 for low dissipation and δ → ∞ for high dissipation.
Using Eq. (16), Q c can be rewritten as
Then,
The engine efficiency during the Carnot cycle is
We get the similar general relation between the efficiency and the entropy production per engine cycle of Ref. [24] . Using Eq.(16), the above equation can be rewritten as
The power generated during the Carnot cycle is
and its ratio obeys the following relation
By using Eqs. (22, 24 and 26) , the efficiency at maximum power is obtain by
where
Note that the efficiency at maximum power does not depend on the individual parameters but only on their ratio σ c /σ h and α c /α h . The above equation showed that η P is, in general, does not exhibit any universal form of efficiency at maximum power. However, in the asymmetric dissipation limits σ c /σ h → ∞ or ζ → ∞ and σ c /σ h → 0 or ζ → 1, η P converges respectively to the lower bound η − P = 1 δ+1 η C and the upper bound η + P = ηC (δ+1)−δηC and is given by
When δ = 1, one can recover the results of low-dissipation heat engines [5] with α c /α h = 1 and λ c /λ h = 1. Interestingly, one can also get the result of other target function, such as ηP and Ω or ecological criterion with the proper choice of δ is given below. For δ = 1/2, one can get η − P = (2/3)η C and η + P = 2η C /(3 − η C ) for the efficiency at maximum efficient power of low-dissipation Carnot like engines Table 1 : The expansion of the efficiency at maximum power up to quadratic order in η C for ζ = 1 to 6 and for three dissipation levels (δ).
and other models of nonlinear irreversible heat engines [8, 26] . For δ = 1/3, one can get η − P = (3/4)η C and η + P = 3η C /(4 − η C ) for the efficiency at maximum Ω criterion for low-dissipation Carnot like engines and other different models of linear and nonlinear irreversible heat engines [10, 26] . We want to emphasize that the upper bound calculated here are different from (in fact, higher than) the usually observed upper bounds for target functions: efficient power and Ω. Thus, we obtained new generalized minimum and maximum bounds on the efficiency at maximum power which can cover the extreme bounds obtained so far for different target functions.
In the symmetric dissipation σ c = σ h , the efficiency at maximum power (Eq.27) becomes
where ζ s = 1 + αcTc α h T h δ δ+1 . We obtained another interesting generalized expression for efficiency at maximum power. One can obtain ζ s = 2 by tuning the parameters α c and α h in such a way that α c /α h = T h /T c . In this case, Eq.(30) becomes
(31)
In the low dissipation level of δ = 1, the above equation reduces to ηC
which was obtained earlier in the stochastic heat engine model [11] . These results showed that our generalized model captured the universal expression of the efficiency at maximum power for various heat engine models. In what follows, we will investigate the super universality relation for the efficiency at a maximum power of the proposed model. 
Super-universality relation
In order to find out the universality features of the optimized efficiency, Eq. (27) can be expanded in terms of η C as
Our results showed that the generalized heat engine models do not exhibit universal form in the efficiency at a maximum power in general. However, we observe that one can obtain the universal form in the efficiency for different target functions as the special cases of efficiency at the maximum power of the present model. The value of ζ → 1 for σ c /σ h → 0 and ζ → ∞ for σ c /σ h → ∞.
Since ζ contains the tuning parameters, the expansion of η P as in Eq.(32) for different value of ζ and δ is given in Table. 1. From the Table. 1, one can observe that, the universality in efficiency for different target functions Eqs.(1,2,3 and 4) are obtained for different values of δ and ζ. For δ = 1, the universality in efficiency at maximum power up to quadratic order is obtained for ζ = 2. For δ = 1/2, the universality in efficiency at the maximum efficient power up to quadratic order is obtained for ζ = 3 . For δ = 1/3, the universality in efficiency at the maximum Ω or ecological criterion up to quadratic order is obtained for ζ = 6 and also for multi-parameter target function at ζ = 4 [26] . Interestingly, our model also captures the universality in efficiency up to quadratic order in the minimal model of information based heat engine [18] for δ = 1 and ζ = 3. Since our model unified the different universality features in the efficiency of different target functions observed so far in the literature, we can say that Eq.(32) exhibits a super-universal feature of the efficiency of the heat engines.
Efficiency of industrial power plants
In order to see whether this generalized model can capture the gross features of the various industrial power plants, we compared the observed efficiency η o of the power plants [5, 7, 10, 23] with extreme bounds on the efficiency at maximum power. Since η o of some power plants are actually captured by the extreme bounds on the low-dissipation heat engine by maximizing the different target functions (δ = 1, 1/2, 1/3, in our model) [5, 7, 10] , we focused here to check η o of those power plants which cannot be captured by the earlier models even by using different target functions.
The extreme generalized bounds on efficiency at maximum power (Eq.29) in our model captured the observed efficiency of actual thermal plants for different value δ is shown in Table. 2. Here, we calculated the value of δ in which η − P (minimum bound) gives the observed efficiency η o = η − P which is given as δ = ηC ηo − 1. It is to be noted that the value of δ is larger than one for three different power plants clearly indicate that these engines are operated in the region higher than the low dissipation regime (δ = 1) and for δ is lesser than one are operated lower than the low dissipation regime. This showed the effectiveness of our generalized model which captured the gross feature of various level of dissipation present in the different industrial power plants.
Conclusion
We generalized the low-dissipation model of the heat engine and obtained the universal nature of the minimum and maximum bounds on the efficiency at maximum power. The extreme bounds on the efficiency completely captured the efficiency at the maximum power of various heat engine models and also for different target functions. Interestingly, our model also exhibits super-universality feature of efficiency up to the quadratic order of η C . Also, the bounds on the efficiency obtained in our generalized model entirely captured the efficiency observed in the actual thermal plants of different dissipation levels. In highly dissipated case of δ → ∞, the efficiency at maximum power (Eq.27), η P → 0.
The study of the attainability of η C in the irreversible region attracted much interest in recent years [27] . In the case of no dissipation δ → 0, we also observed that η P → η C at maximum power which should need careful future analysis.
Since the higher values of efficiency obtained by the practical heat engines are not necessarily in the region of maximum power output [7] , this model requires further study of universal bounds on the efficiency for an arbitrary power [28] .
